We calculate certain string correlation functions, originally introduced as order parameters in integer spin chains, for the spin-1/2 XXZ Heisenberg chain at zero temperature and in the thermodynamic limit. For small distances, we obtain exact results from Bethe Ansatz and exact diagonalization, whereas in the large-distance limit, field-theoretical arguments yield an asymptotic algebraic decay. We also make contact with two-point spin-correlation functions in the asymptotic limit.
Introduction
Haldane's work [1, 2] on the different ground-state properties of integer-S and half-integer-S spin chains triggered efforts to seek for a quantitative understanding of the gapped ground state of integer-S chains. Among these are the works of den Nijs and Rommelse [3] as well as Oshikawa [4] , where the following generalized string correlation function was considered:
(1.1) considered for θ = π. Several subsequent works considered the generalized string correlation functions (1.1) for integer spin S > 1 and generic θ, where lim n→∞ O(n, θ) acquires non-zero values. The exact calculation for the Valence Bond Solid (VBS) state shows that the correlation takes its maximum values near θ = π/S [4, 6] . Whereas in these works, the focus was mainly on integer spin chains motivated by Haldane's conjecture, interest at the same time rose for O(n, π) in half-integer spin chains. Hida [7] studied O(n, π) for alternating spin-1/2 systems, as this model describes a crossover between the gapped S = 1 phase and the isotropic spin-1/2 Heisenberg chain. In that paper, he reported the asymptotic form of O(n, π) ∼ const. n −1/4 close to the uniform, isotropic spin-1/2 chain by means of a field-theoretical approach (the constant was not known there). This means that the string correlation function for the spin-1/2 Heisenberg chain O(n, π) decays in an algebraic way much slower than the usual spin-spin correlation function.
Recently, a related string correlation function ρ(n, θ) ≡ exp iθ n k=1 S z k (1.2) was introduced by Lou et al. [8] . They came to the conclusion that asymptotically, for spin S = 3/2, O(n, θ)| S=3/2 ∼ − sin 2 (θ/2) ρ(n, θ)| S=1/2 . This means that the scaling behaviour of ρ(n, θ)| S=1/2 is also important for S = 3/2, which is supported by the fact that the spin-3/2 and spin-1/2 chains are considered to belong to the same universality class [9, 10] . Using a field-theoretical approach, the authors of [8] found ρ(n, θ)| S=1/2 ∼ const. n −θ 2 /(4π 2 ) with an unspecified constant, again for the isotropic spin-1/2 chain. As far as two-point correlation functions of the spin-1/2 chain are concerned, enormous progress has been made in the last decade to obtain exact expressions from Bethe Ansatz [11, 12, 13] for short distances [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28] and from field-theory for both the amplitudes and the exponents of the leading terms in the asymptotic limit [29, 30, 31, 32] . These results are not restricted to the isotropic point, but cover the critical anisotropic regime as well,
with periodic boundary conditions and J > 0. In the following, we use the anisotropy parameter γ to parameterize the anisotropy ∆ =: cos γ, with 0 < γ < π, such that the isotropic points γ = 0, π are excluded. Given those technical tools from Bethe Ansatz and field theory, in this work we calculate ρ(n, θ) and O(n, θ), both for short distances and in the asymptotic limit. We thus obtain the exponents and the amplitudes of the leading uniform and alternating parts and verify them by the Bethe Ansatz results. Interestingly, the leading asymptotics of the alternating part can be directly obtained from those of the uniform part. We furthermore study the limiting values θ → 0, 1 − γ/π in the asymptotic limit, where contact is made with S z 1 S z n and S x 1 S x n . This article is organized as follows. In the next section, we present the Bethe Ansatz calculation of ρ(n, θ) and O(n, θ), as well as results from exact diagonalization that we obtained additionally. The third part contains the field-theoretical approach. Numerical comparisons between the Bethe Ansatz and field-theoretical results are included in an appendix. Calculations not immediately necessary for the understanding of the main text are deferred to further appendices.
Exact short distance string correlation functions
The Hamiltonian (1.3) has been solved exactly by the Bethe Ansatz [11, 12, 13] . In fact the eigenfunctions can be constructed in a form of superposition of plane waves, which are called the Bethe Ansatz wave functions. The corresponding eigenenergies are obtained by solving the Bethe Ansatz equations
where M is the number of the down spins. With a solution of the Bethe Ansatz equations (2.4), the corresponding eigenenergy is expressed as
Especially the ground state is given by a solution in the sector M = N/2. In the critical region −1 < ∆ = cos γ < 1, its value per site in the thermodynamic limit N → ∞ becomes
Enormous works have been contributed to evaluate the physical quantities of the model based on the Bethe Ansatz equations (2.4) [13] . They, however, are usually limited to the bulk quantities. Especially, the exact calculation of correlation functions still is a difficult problem. Only for ∆ = 0, where the system reduces to a lattice free-fermion model after a Jordan-Wigner transformation, arbitrary correlation functions can be calculated by means of Wick's theorem [35, 36] . Especially, the two-point spin-spin correlation function is simply given by S z j S z j+k = − 1 − (−1) k /(2π 2 k 2 ). There have been many attempts to evaluate the correlation functions for general ∆. However, explicit exact evaluations of the correlation functions have become attainable only recently. For example, the following exact values for the spin-spin correlation functions S z j S z j+k , were obtained up to k = 7 for ∆ = 1 [24] and up to k = 8 for ∆ = 1/2 [37] :
(2.7) Here ζ(2k + 1) is the Riemann's zeta function at odd arguments. Note that the nearestneighbour correlation function S z j S z j+1 can be derived immediately from the ground state energy (2.6). So these values have been known long before. We also remark S z j S z j+2 for ∆ = 1 was obtained some decades ago by Takahashi [38] by his ingenious study of the half-filled Hubbard chain in the strong coupling limit. Other results are due to recent developments of the study of the correlation functions. Note that even for general ∆, the exact analytic expressions have been obtained up to k = 3 [21] . Such progress has enabled comparison with the fieldtheoretical prediction of the asymptotic behaviour as well as other numerical methods such as numerical diagonalization.
It is interesting to note that the calculation of the spin-spin correlation functions Eq. (2.7) and Eq. (2.8) rely on the generating function, defined by
Here κ is a parameter. Once the generating function Eq. (2.9) is calculated, the two-point spin-spin correlation function can be obtained by the formula
The generating function has been obtained up to k = 8 for ∆ = 1 [24] and up to k = 9 for ∆ = 1/2 [37] , from which the exact values of the spin-spin correlation function have been calculated.
Recently we have noticed that there is a correspondence between the generating function Eq. (2.9) and the string correlation function ρ(n, θ) Eq. (1.2) with the following identification ρ(n, θ) = κ − n 2 P κ n κ=e −iθ . • For even n (≥ 4), O(n, θ) is always positive with a period 2π. It has a single maximum at θ = π and a minimum at θ = 0. Recall that O(n, π) = (2i) n n k=1 S z k and O(n, 0) = −4 S z 1 S z n . • For odd n, O(n, θ) has a rather complicated structure with a period 4π. In this case, O(n, π) and O(n, 3π) are always zero as they should be.
We give some exact values of O(n, π) = (2i) n n k=1 S z k for ∆ = 1 and ∆ = 1/2 in the following: 
One observes that O(n, π) for n=even decays very slowly as n increases. Namely as mentioned in the introduction, for ∆ = 1, the asymptotic decay O(n, π) ∼ n −1/4 was given by Hida [7] and more generally
by Lou [8] . In the next section, we shall both generalize this asymptotic formula to the more general −1 < ∆ < 1 case and determine the amplitude by making use of field theory. Furthermore since the formula Eq. (2.15) does not explain the difference of the periodicity with respect to the parity of n, we shall consider some subleading terms more carefully. We remark that ρ(n, θ), Eq. (1.2), shares periodicity properties analogous to O(n, θ). In fact it is easy to see that ρ(n, θ) is expanded as
where the coefficients P n,j are the summation of the diagonal density matrix elements in the sector with j down spins. Note that P n,j = P n,n−j . From Eq.(2.16), one can immediately find ρ(n, θ + 2π) = (−1) n ρ(n, θ) (2.17)
• ∆ = 0 case : Let us comment on the string correlation functions for ∆ = 0. In this case, a simple determinant formula for the string correlation function ρ(n, θ) exists (c.f. Ref. [39] )
Using this formula one can evaluate the exact numerical values up to the order of n ≃ 10000 easily, for example, by Mathematica on a standard PC. We give the exact values in Table 2 .1 up to n = 1000. This determinant is also expressed as a Toeplitz determinant
There are some mathematical results known on the asymptotic behaviours of Toeplitz determinants as n → ∞. Assume θ = 0, 2π, then "the generating function" σ(q) of the Toeplitz determinant has jump singularities at q = π/2 and q = 3π/2. In such a case, we can invoke the (generalized) Fisher-Hartwig conjecture [40, 41] , which brings about an asymptotic formula for 0 < θ < 2π as
(2.20)
Here G(z) is the Barnes G-function defined by
Asym (n, θ) for π < θ < 2π. We refer the reader also to Refs. [42, 43] for more information about the (generalized) Fisher-Hartwig conjectures. Table 2 .1. In this context, it is remarkable that they coincide within at least three digits even for small sizes as n = 10. Finally let us note a further exact result for ρ(n, π) at ∆ = 0. Since ρ(2m − 1, π) = 0, we consider ρ(2m, π), which is given more explicitly as
Here we have used an integral formula for the logarithm of the Euler gamma function,
Thus we can obtain the asymptotic expansion to an arbitrary order in this case. Note that the leading term is consistent with the formula Eq. (2.20) with θ = π.
3 Asymptotic behaviour of string correlation functions
In this section, we will discuss the asymptotic behaviour of the string correlation functions for the critical region −1 < ∆ < 1 (that is π > γ > 0) by use of field theoretical arguments. Thus the aim is to find coefficients D j and exponents ν j such that
The exponents are increasing with j, i.e. ν j < ν j+1 . The amplitudes and exponents depend on the parameters θ, γ of the model and of the function ρ. Instead of Eq. (3.1), we use the shorthand notation
The important point to remember is that the asymptotic expansion is defined in the limit n → ∞. We first present the results obtained so far within the field-theoretical framework and give details of the derivation in the following section.
Results
We find the following asymptotic expansion of the string correlation function for 0 ≤ θ ≤ π:
In Eq. (3.3), Lukyanov's notation is used with η = π−γ π , whereas in Eq. (3.4), the anisotropy is written in terms of the compactification radius R with 2πR 2 = η.
Since ρ(n, θ) = ρ(n, −θ), the result (3.2) is readily extended to the domain −π ≤ θ ≤ 0. Thus ρ(n, θ) is known in the fundamental domain −π ≤ θ ≤ π. The periodicity Eq. (2.17) then yields ρ for all values of θ.
We note the following limiting values of the coefficient D(θ, γ):
where A is the coefficient of the leading term in an asymptotic expansion of the uniform part of σ x 1 σ x n , namely: σ x 1 σ x n u ∼ A n η , [32] . This means that for π/2 ≤ γ < π, we have the asymptotic equality (note that 1 − η = γ/π) ρ(n, 2πη) ∼ 2 γ π 2 σ x 1 σ x n u , π/2 ≤ γ < π (3.5)
for the leading order of the uniform part (in order to facilitate comparison with Lukyanov's results, we use the Pauli-matrices σ ν = 2S ν ). This is checked immediately at the free fermion point ∆ = 0 from Eq. (2.21).
• D(0, γ) = 1, whereas
(3.6)
The last equation is proved in Appendix B. Following Lukyanov's notation [32] , A z denotes the coefficient of the leading contribution in the alternating part σ z 1 σ z n a of the σ z -σ zcorrelation function, namely
In order to obtain the asymptotics of the generalized string correlation function, we first express it in terms of ρ(n, θ) according to Eq. (2.12). Then, using the above results, the asymptotics of O(n, θ) is readily obtained: This result displays the non-interchangeability of the limits n → ∞ and θ → 0: In Eq. (3.11), the limit n → ∞ is taken first (cf. the definition of an asymptotic expansion in Eq. (3.1)). If the limit θ → 0 is taken first, O(n, θ) = − σ z 1 σ z n = − σ z 1 σ z n u − σ z 1 σ z n a , with the asymptotic behaviour σ z 1 σ z n u ∼ −1/(π 2 ηn 2 ) and σ z 1 σ z n a being given in Eq. (3.7).
Derivation

The string correlation function ρ(n, θ)
An effective field theory describing the low-energy-excitations of the XXZ-chain in the critical regime 0 < γ < π has been derived by Lukyanov [31] . At zero magnetic field, the corresponding Hamiltonian density H reads
where the dots denote terms with scaling dimensions higher than those given explicitly. The dimensionless constants v, λ, λ ± are known exactly from Bethe Ansatz [31] . Within the same approach, the effective S z -operator reads
where x = εj. The constants C m have been determined in [32] . We do not write down the descendant fields here explicitly, but only note that if a primary field has scaling dimension ∆, then the descendant fields have scaling dimension ∆ + ℓ, where ℓ is a certain positive integer.
To arrive at an asymptotic expression for ρ(n, θ), we first apply the Euler-MacLaurin formula to the sum in the exponent:
(µ ≥ 1 integer) from which one concludes that the only cutoff-independent contribution in the integral stems from the first term in the last equation. We expand the exponent with respect to ε and arrive at
where the positive integer k originates in the expansion of the exponential function. From this we conclude that the leading exponent of the uniform part is ν 1 (θ, γ) , and the leading Euler-MacLaurin corrections to this have exponents ν 1 (θ, γ) + 2, ν 1 (θ, γ) + 1/(2πR 2 ). Thus in order to determine the amplitude of the leading term, we have to calculate exp i θ 2πR (ϕ(x) − ϕ(0)) . In the field-theoretical setting of massless Bose fields considered here, this quantity is defined only up to a multiplicative constant Λ with dimension 1/length [32] . It has become custom to choose it such that ("CFT normalization condition")
(3.16)
This means that we have to introduce a constant D(θ, γ) as follows:
for the leading decay of the uniform part. Because of the symmetry ρ(n, −θ) = ρ(n, θ), this result is valid for −π ≤ θ ≤ π. Let us defer the calculation of the coefficient D to the next paragraph and first determine the leading exponent of the alternating part. This is obtained directly by exploiting the periodicity Eq. (2.17). Together with Eq. (3.17), it implies that
The exponents are expected to depend continuously on the parameters θ, γ. Thus for 0 ≤ θ ≤ π (−π ≤ θ < 0), Eq. (3.18) (Eq. (3.19) ) yields the leading contribution to the alternating part, which is next-leading with respect to the leading decay given in Eq. (3.17) .
What are the exponents of the next-leading contributions? In Eq. (3.17) we have tacitly assumed that the expectation value is taken with respect to the unperturbed Gaussian part of the Hamiltonian (3.12). However, there are additional contributions in Eq. (3.12), with scaling dimensions ∆ = 1/(πR 2 ), 4. As argued in [34] , they lead to exponents ν 1 (θ, γ) + k(∆ − 2) in exp i θ 2πR (ϕ(x) − ϕ(0)) , where the integer k denotes the order of the perturbational expansion. Since there is no contribution of the cos-operator for k = 1, the next-leading exponent stemming from this contribution is ν 2 (θ, γ) = ν 1 (θ, γ) + δ(γ) with δ(γ) = 4π/(π − γ) − 4. On the other hand, the first-order contribution of the λ ± -operators yields an exponent ν 1 (θ, γ) + 2. This latter one is always larger than ν 1 (θ, γ), ν 1 (θ − 2π, γ) (for 0 < θ < π) and we discard it here. Thus ν 2 (θ, γ) yields the next-leading exponent in the uniform part. According to the periodicity argument, the next-leading exponent in the alternating part for 0 < θ < π is then ν 2 (θ − 2π, γ).
We now focus on the coefficient D(θ, γ). The result given in Eq. (3.3) is a conjecture based on the work [33] . The following tests of this conjecture have been performed:
• For γ = π/2, one can show that D(θ, π/2) reduces to (2.20) , namely
(3.20)
This equality can be checked by means of an integral representation of the Barnes Gfunction (see Appendix C).
• Numerical comparisons for ∆ = 1/2 between the exact data from the Bethe Ansatz (for n = 9) and the asymptotic results (3.2,3.8) have been performed for θ = π/4, π/2, 3π/4, π.
In all cases, very good agreement is found. Similarly, we compared with the data obtained by the numerical diagonalization up to a system size of N = 28 lattice sites for general ∆ (see Appendix A).
Our conjecture for D is based on arguments similar to the conjecture for the coefficient of the leading decay of σ x 1 σ x n , cf. [32] , [33] . In [33] , the expectation value of exp [iαϑ] in a massive Sine-Gordon model with an operator cos(βϑ) is determined,
where m is the particle mass associated with the field ϑ. Since in that problem, σ x ∼ e i2πRϑ with an a priori unknown amplitude, calculating the amplitude of the leading decay of σ x 1 σ x n with respect to a Sine-Gordon model with an operator cos(βϑ) is very similar to our problem of determining D. An explicit value for N (α, β) in Eq. (3.21) is conjectured and confirmed explicitly in certain limiting cases in [33] . The authors then calculate σ x 1 σ x n ∼ A(η)N (1/η, 2/R)n −η by making use of the fact that this correlation function is known explicitly for the massive XYZ-model close to the critical XXZ-point, namely σ x 1 σ x n m ∼ A m (εm) −η with a known coefficient A m . This allows for the deduction of A(η).
In our case, the field ϕ is related to ϑ by ∂ t ϕ = ∂ x ϑ. However, the problem of calculating D is completely analogous to the calculation of A(η) sketched above, with a Sine-Gordon-term cos(2ϕ/R) in the Hamiltonian. The only unknown is the string function ρ m (θ) in the massive XYZ-regime. We know that ρ m (θ) = C m (R)(εm) (θ/(2πR)) 2 /(2π) (3.22) with an unknown constant C m depending on R. Note that in the massive regime, we cannot relate 2/R to γ, but rather take it as the constant in the Sine-Gordon-term cos(2ϕ/R). On the other hand, the results in [33] tell us that ρ m (θ) = D N (θ/(2πR), 2/R)(εm) (θ/(2πR)) 2 /(2π) (3.23) with a known coefficient N (θ/(2πR), 2/R). By comparing Eq. (3.23) with Eq. (3.22), one obtains D in terms of θ, R and the unknown C m (R). We find that C m (R) = 2(1 − η) 2 = 2(1 − 2πR 2 ) 2 yields excellent agreement with the numerical data as described above. This results in the coefficient D(θ, γ) as given in Eqs. (3.3), (3.4). We finally comment on the isotropic case, γ = 0. Here, ν 1 (θ, γ = 0) = θ 2 /(4π 2 ), in agreement with the result of [8] . However, we expect that a logarithmic dependence of the amplitude on the distance occurs, similarly to what happens for the two-point functions [30, 31, 32] . We leave the study of this case as a project for future research.
The generalized string correlation function O(n, θ)
From Eq. (2.12), the asymptotics of O(n, θ) is obtained once the asymptotics of ρ(n, θ) is known. It is nevertheless instructive to perform a consistency check of this result by calculating the asymptotics of O directly by using field-theoretical arguments.
Therefore, one might be tempted to take the asymptotic expansion of S z (x), Eq. (3.13), and insert it into Eq. (1.1). However, in such a calculation the leading terms given in Eq. (3.2) would be absent. We are thus lead to use the following asymptotic expansion for the S z -operators at sites 1 and n involved in O(n, θ = 0):
with x = εj. The asymptotic expansion starts with a finite constant s 0 . For the asymptotics of the phase factor in O(n, θ), we still use Eq. (3.13). Carrying out the same calculations as above, one finds s 2 0 = f 1 (θ), which vanishes for θ = 0. The intriguing point is that we have to modify the asymptotic expansion for the spins at sites 1 and n in O(n, θ) without modifying the Hamiltonian. Namely, it looks as if in the asymptotic limit, the phase operator in O(n, θ) acts as a local field on the edge spins.
Conclusion and outlook
We evaluated the string correlation functions ρ(n, θ) and O(n, θ) for the critical anisotropic spin-1/2 chain. For small n, exact results were obtained from the Bethe Ansatz, whereas in the asymptotic limit, both the amplitudes and the exponents of the leading decay could be determined from field theory. The field-theoretical results agree well with the Bethe Ansatz data. Especially, for ∆ = 0, the asymptotics could be confirmed directly from the Bethe Ansatz results.
Most interestingly, the leading decay of the two-point xx-correlation function was recovered, Eq. (3.5). Whether this result has a physical background has to be clarified. As far as the limit θ → 0 in O(n, θ) is concerned, we found a non-commutativity of the limit θ → 0 and the asymptotic limit, as stated by Eq. (3.11) . This as well as the rather heuristic expansion (3.24) deserve further investigations in the future.
For ∆ = 1 and 1/2, the string correlation functions ρ(n, θ) and O(n, θ) can be evaluated analytically up to n = 8 and n = 9, respectively. Here firstly, we list their precise numerical values for θ = π/4, π/2, 3π/4, π up to n = 8, based on these analytical expressions. Note that ρ(1, θ) = cos θ 2 irrespective of ∆ and therefore we have with γ = π/3. We find the exact values and the asymptotic formulas are in good agreement especially for ρ(n, θ). The deviation is somewhat larger for O(n, θ), for which we probably need higher order corrections to the asymptotic formulas to achieve better agreement.
To confirm our asymptotic formula further, we have calculated ρ(n, θ) numerically for several values of ∆(= ±0.3, ±0.7, −0.5) by means of the exact diagonalization for finite systems N = 20 ∼ 28. Then we have applied an extrapolation according to c 0 + c 1 /N 2 + c 2 /N 3 + c 3 /N 4 + c 4 /N 5 and estimated ρ Num (n, θ) in the thermodynamic limit. These values are compared with our asymptotic formula ρ Asym (n, θ) in Tables 1.4-1.8. We conclude that our asymptotic formula gives fairly precise values for all ranges of ∆ in the critical region. 
(B.1)
By taking the logarithm and introduce a variable z ≡ θ/2π, we can calculate the LHS from the definition Eq. On the other hand, the Barnes G-function enjoys the following integral representation [44] ln G(1 + z) = 
